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ABSTRACT

This paper investigates the twin problems of approximation and
interpolation employing weighted integral representation formulas of
Berndtsson—-Andersson. These interpolation techniques are applied to
extend local rational approximation estimates from complex algebraic
complete intersection variety X, of pure dimension n, into a strictly
pseudoconvex semi-local domain D in the ambient space CN with N =
n+p, p > 0. We also use weighted intergral representation formulas to
provide criteria for both Montessus-type convergence and convergence
in logarithmic capacity of diagonal rational sequences. The logarithmic
capacity we use is carefully defined via Siciak’s L-family of extremal
plurisubharmonic functions.

1. Introduction

The motivation for this paper comes from studying Berndtsson’s papers [Be.1, 2]
and our attempt to understand Zeriahi’s conditions for the existence of the best
polynomial approximation on affine complex algebraic complete intersection va-
riety X in [Ze.1]. In [Be.1,2], Berndtsson showed how weighted integral represen-
tation generalized the well-known Leray—Koppelman-Henkin—Ramirez integral,
and specifically used the new constructs to study interpolation problems and to
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generalize Jacobi interpolation from one variable to multidimensional complex
analysis.

Our main interest in this paper is to study the twin problems of approximation
and interpolation using the weighted integral representation formulas introduced
by Berndtsson and Andersson [Be.1,2]. We use these interpolation techniques
to extend local rational approximation data from complex algebraic complete
intersection variety X into a strictly pseudoconvex semi-local domain D in the
ambient space CV.

The main results of this paper are Theorems 4.6. 6.1 and 6.3. Theorem 6.1,
gives conditions for Montessus-type convergence while Theorems 4.6 and 6.3 give
criteria for convergence in logarithmic capacity of diagonal rational sequences.

Now we turn to the description of the content of this paper. In section 2 of
the paper we develop the tools needed for the construction of rational approxi-
mants to holomorphic functions in an open neighbourhood of the origin which is
assumed to be in X. In general, all the holomorphic functions on X are defined
on the regular part Xeg of the variety X. In section 3, we obtain an estimate
in Lemma 3.4 which plays a key role in the rest of the paper. The use of this
estimate is essential in the proof of the Montessus-type theorem in a semi-local
domain in the complex algebraic complete intersection variety X ¢ CV. Section
4 considers diagonal rational sequences and their convergence in a logarithmic
capacity to a certain class of meromorphic functions. We provide background
material, sufficient for our purposes, on Siciak’s L-families of plurisubharmonic
functions [Si.1,2] with logarithmic growth on non-pluripolar compact subsets K
in X. Section 5 defines the complex algebraic complete intersection variety X
and the strictly pseudoconvex domain D in CV containing X. The conditions
under which one obtains the Berndtsson’s weighted interpolation intergrals are
explained in section 6. This section represents an application of the constructions
in section 5 to obtain the extension of rational approximation to the special class
of meromorphic functions already defined.

Finally, we are extremely grateful to the referee for his careful reading of our
paper, for numerous useful remarks and for suggesting corrections to some glaring
errors in the original manuscript.

2. Technical definitions and notation

In this section, we let D be a domain in C", which contains the origin and has a
smooth C™ boundary 8D. This condition will be modified in the sequel, espe-
cially from section 5 onward, to include the study of complex algebraic complete
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intersection varieties X of codimension p > 1 in pseudoconvex domains D in CV;
N := n + p, which intersect the boundaries of the domains transversally. Let
O(D) denote the space of functions that are holomorphic in some neighbour-
hood of D. Denote by Mer!(D) the space of functions meromorphic in some
neighbourhood of D satisfying the following properties:

(i) Each element of Mer'(D) is holomorphic at z = 0.

(ii) Every member of Mer!(D) has a polar set determined by the zeros of some
nonhomogeneous polynomial on D.

Let I = NU{0}, where N is the set of natural numbers, and IV = I xIx---xI,
N-fold copy of I. We introduce a partial ordering in IV as follows: For any pair
eV a=<xp < a; <P, j=12,....,N. |a| = a1 + -+ ay, for any
a={ay,...,an} €IV,

We let Eﬁf = {aeIV:0< |a| < pu, pcl} satisfy the following conditions:

@) EY :={(0,...,00} cE},vu>1.

() EY CEY for \, pel <= 0<A<p.

(I11) |EN| = ("3*), where |EX| represents the cardinality of EZ.

We define an index set, which will facilitate the definition of rational
approximants.

Definition 2.1: A subset Eﬁ, of IV is called an index interpolation set if:
(i) EY c Ef, for each p, v € L.
(ii),BeEﬁ,=>a€Eﬁ,,‘v’Ojajﬂ.
(iif) 3Au € Twith p4+1 < Ay < p+v, v > 1, such that

N+)\uu_1 N N+AI"V
< <
( N ) —|E[_ul|— ( N )

where, |EN| < (Vi) + ("F”) — 1. We say that EX, is maximal if |EY | >

14
(Ng;” )+ (NII,H’) — 1. Now let R, denote the family of rational functions,

— Pu(z)
Ry 1= {Q,,(z) }u,u’

where P,(z) = Y h_, ®r(2) and Q,(2) = ¥_;_, ¥;(2) are nonhomogeneous poly-
nomials of respective degrees at most y and v. The terms ®4(z) and ¥;(2)
appearing in the above expansions of P, and @, are all homogeneous polyno-
mials of degrees k and [ respectively. Further, we require that P, and @, be
relatively prime. The relative primeness of P, and @, holds in the whole of C*,
except at the points of the indeterminancy of :—;‘% in C*.
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Definition 2.2: Let f € O(U), where U is a neighbourhood of z = 0 such that
Mer'(U) = O(U). We say that —“—(Z—; € R, is a rational approximant to f at
2z = 0 if the following conditions hold:

(1) 9'(Qu(E)£(&) = Pu(é))lg=0 =0, Var € E}Y".

(2) 81°1(Qu(&)f(€))lg=0 = 0, Yo € B, N E}Y.

Note that the condition (2) of Definition 2.2, together with the normalization
Q. (0) = 1 and with EN maximal, give rise to a uniquely determined sequence
{ gﬁv(%}w. To construct these rational approximants (cf. [Lu.1], [D.E-M.L.1]),
we begin with the system of linear equations given by equation (2) of Definition
2.2. We use the normalization condition Q,(0) = 1 together with maximal
E}X,, to deduce that the maximal rank of the linear system referred to above
is (V}¥) — 1. This then yields a unique solution for the system, determining
the coefficients of Q,(z). Once the coefficients of Q,(z) are obtained, we use
equation (1) of Definition 2.2 to determine the coefficients of the numerator
polynomial P,(z) of the rational approximant of f at 0 € C*. The resulting
rational approximants are therefore uniquely determined up to the choice of Eﬁ{,
applied. This situation contrasts sharply with the one-variable case, where the
analogous maximal E1 is itself a unique index set. In the multidimensional
case, the maximal E;w’
Thus, there are as many uniquely determined unisolvent rational approximants

for N > 2, is not a uniquely determined index set.

as there are maximals E}X, We note here that the above coustruction of rational
approximants can be carried out in the most natural manner on complex algebraic
complete intersection varieties X C CV. In this case, the construction is done
on the regular part X, of the complex algebraic variety X, or, more generally,
we assume in the sequel that all the zero sets of the denominator polynomials
Quv and that of the nonhomogeneous polynomial ¢, and the polar sets of the
meromorphic functions involved in our constructions contain the singular set
Xsing := X\ X(eg. We observe that in the L-capacity mode of convergence, the
singular set Xging, since it is an analytic set, plays no significant role. The rational
sequence, {d%},w, of approximants so determined is called unisolvent.

In order to deal with questions involving convergence of these rational approx-
imants, it is often convenient to normalize the denominator Q,,(z) of —‘%

by dividing the top and bottom of g"%((zzl) by the largest coefficient of Q.. (2).

The normalized denominator polynomials, {Q\,:,,(z)}, are uniformly bounded as
a sequence of polynomials. Note that under the normalization process gﬁf((%

remains invariant, since —% 7é‘—if— where Q. (z) #0in U.
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3. Estimates and convergence

Let f € Mer'(D) and let ¢(z) be a nonhomogeneous polynomial of degree w
which determines the polar set of f in D, i.e., Z(g) "D = Z(f~') N D, where
Z(q) = Z(f!) is the zero set of the nonhomogeneous polynomial q. Then it is
clear that in D, fq € O(D). Next we define the function H,,(z) (which will play
an important role in approximation as well as interpolation in this paper) by

(3.1) H,(2) = Quv(2)f(2)q(2) — Pu(2)q(2).

The following theorem gives the most important properties of the function
H,,(z) for v < p.

THEOREM 3.1: Let f € Mer'(D), where the polar set of f is determined by the
zero set of a nonhomogeneous polynomial q of degree w. Suppose

T (2) 1= Py (2)
(%) : 2 (2)

is a (p, v)-rational approximant to f at z = 0 with its denominator polynomial
Quv(2) normalized. Then

() Huw(2) = Quuf(94(2) = Pu(2)a(2) € O(D), for v < i, and
(i) Hy.(2) converges uniformly to zero on compact subsets of D as yu — oo.

Before proving the theorem, we give a power series expansion of H,,(z) in D.
Write the formal power series of H,,(z) in the form

(3.2) Hy(2) =D Mepn(2),
k=0
where
1
(33) N (2) = 5 3 (9 Ho (€)e=o) 2
" aj=k

is a homogeneous polynomial of degree k.

In the proof of Theorem 3.1 we use Rudin’s Theorem 1.5.6 [Ru.1], which deals
with the convergence of series expanded in terms of homogeneous polynomials in
C™ appropriately adapted to our situation. The next lemma gives a precise form
to the homogeneous polynomials Ay, (2).

LEmMA 3.2:

\ [0 p+1<|aj=k < p+w,
() =4 4 8 ek (01 Quul©F©a(leo) 2%, k= ptrw+1,
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where the degree of ¢ isw and v < p.

Proof: First note that for 4+ 1 < o} < p+ w, where w = degree ¢(2),
1
Mowns (@) = 75 3 (0 (Qun O £(©)a(6) = Pun(§)(6) ) leo) 2"

lel=k

= = 3 ((09@u©) 7 (©)a(€) - 9™ (Pu(€)a(€))lemo) 2

" al=k

CramM: Forp+1<|e| < p+uw,

(3.4) 3 (QuAO)£(©)a(®) ) e=o = 0" (P (€)a(€) ) e=o-

To see this, consider the homogeneous polynomial
> (671 (P (©9(6) )=o) 2,
|lalj=k

which may be expanded according to the Leibniz rule as

> (0 (P (©)a(6) Jleo ) 2

la|=k
min(p,k)
_ Zk (Ilc) Z(alﬁlp (€)le= 0) Z (3”'(1 Ole= 0)
1=0 18l=t br|=k-1
=Z('§) > (97@u@)fEle=0) 3 (9Ma@)lemo) 2",
=0 181=i Ivi=k—t

where we have used condition (1) of Definition 2.2, from which we can easily
obtain

1 (Q,uu (€) £ (€))le=0 = 81 Py (&) |e=o,
0<|Bl=t< e, e E;"V Hence
3 (0 (Put©a(©) )=o) 2= = 3 (9"(Q(©)£(€)a(®))le=o) 2",
lal= al=

for 4+ 1< |a| < p+ w. Thus the claim and the first part of the Lemma follow.
The second part follows directly from the definition of H,,(z) and its formal
power series. B

The following Lemma shows that the nonzero remaining A's have uniform
bounds in a neighbourhood Q, of D.
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LEMMA 3.3: Let /\k,ww(z) be as in the preceding Lemma 3.2, i.e.,

M2 = 75 32 (0 (Quul©F ©a(©))lemo) 2%, K> ptw+1.

lal=k

Then supk|)\k,,,,w| <oo,forzeD,v< k> p+w+l.

Proof: From the definition of H,,(2) in @ O D, where € is a neighbourhood of
D,ie.,
Hy(2) = Quuv(2)f(2)q(2) — Puu(2)g(2),

we see immediately that H),,(z) is holomorphic in @ D D. Thus H,.(z) is
bounded on D. Now choose r > 1, and M := M(r) such that the polydisc
A? = {z € D: max;|z;| < r} CC D and 1 < r < dist(0,0D). Then Cauchy’s
estimate in A7 yields

0 (QuAO©0(6) _|< armrs lal 2 ubw+1,

where M := supz~|H,,(2)|, so that the estimate for |Aguuw(2)| with 2 € A} is
given by

M r|z%| M j2%|
20y« o
o212 k' lal=k (T"") Tk I}; dist(0, 6D)(dist(0, 8D)|°4)’
as r — dist(0,0D) and for z € D.

Fix € > 0, sufficiently small, and define D, := {z € D: 0 < € < dist(z,8D)} in
such a way that D, CC D and p, := dist(0,0D,) < § := dist(0, D). Then for
z € D,

etz 3 (5 <5 (" 1) TG

it
M( (n— 1+k> Pe k) M 1
<= 2 %) 1S5\t
T\ \ -t (%) 5 ((1—%) 5)
where 0 < p./6 < 1. Thus sup, [Aguww(2)| <00, V2 € D, k> p+w+ 1. [

Proof of Theorem 3.1: From Lemma 3.3, we have supy, | Mg (2)| < 0o and so by
Rudin’s Theorem 1.5.6. [Ru.1], we deduce that Dok utw+1 Meuvw (2) i compactly
convergent in D.. This sum clearly goes to zero as g — oo and the result follows
ase— 0. R
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LEMMA 3.4: Let H,,(z) be given as in Theorem 3.1. Then

(i) Hu(z) € O(D.), for fixed € such that 0 < € < 1,

(ii) |Hu ()5, < Moutwtl where M = supyp |Huw(2)| and 0 < o, =
pe/6 < 1.

Proof: (i) is immediate. We show (ii) using the estimates of the preceding
Lemma. For z € D,, we obtain

M 1(n-1+k\ , M ...
LHCTEED DR WOTEE D SRR 1 (i TAEE 2

k>ptw+l k>ptw+l n—l
Since & ("~1**) < 1, for k large .
Ho ()] < Lot
where 0 < € < dist(0, D) — dist(0, D). Hence [|H,, (2)|lp, < Zortetl, |

This estimate is very useful in dealing with all expressions of the function H,,,
where v is not necessarily fixed. In fact, the estimate is valid for all p > ».
We consider an application of the compact convergence of H,, to zero, with v
fixed at w = v, in order to obtain a Montessus-type convergence for rational
approximants {cf. [Lu.1], [D.E-M.L.1], {de MB.1}).

THEOREM 3.5: Let v = w be fixed. Suppose f € Mer'(D), with Z(f~)nD =
Z(q) N D for some nonhomogeneous polynomial q of degree w, where Z(q) =
Z(f~1) is the zero set of the nonhomogeneous polynomial q. Suppose 7, is
a unisolvent (u,v)-rational approximant to f at z = 0, with its denominator
polynomial normalized. Then as y — 0o, we have

() Z(rp)ND — 2(f~1)n D,

(ii) mu — f(2) compactly on D~ Z(f~1).

Proof: The family {Qu,,(z)} with fixed degree v of the denominators of m,,s,
each normalized in the sense that the maximum over all indices a of the co-
efficients ¢, of QW is set equal to one, i.e., max,c, = 1, forms a uniformly
bounded family in D. Therefore, by Montel’s theorem, there exists a subsequence
{Qm,,(z)} such that ém,,(z) — Q(z) uniformly on D as | — co. Moreover, from
Theorem 3.1 we get H),,(z) — 0, uniformly on compact subsets of D as u — oo,
e, Hy(2) = Qu(2)f(2)q(2) — Puu(2)q(2) = 0. Thus, there is an induced sub-
sequence {P,,, } of {P,,} which converges uniformly to P(z) on D so that in the
limit we obtain

(3.9) Q(2)f(2)a(2) = P(2)q(2).
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Since every convergent subsequence of {@W (2)} converging satisfies equation
(3.5), the full sequences {Q,,(z)} and {P,,(z)} must converge uniformly to Q(z)
and P(z) respectively on D.

Now let Z(Q), Z(q) = Z(f~1) be the zero sets of @ and g respectively. Then
one more application of equation (3.5) yields

(3.6) ZQND=2(q)nD=2(f"HnD.
Hence as p — oo, we must have the desired result,
Z(n;)ND > Z(f 1ynD.

To prove (ii) we get from a quick examination of the definition of H,, that if
we divide by Q,.(2)g(z) # 0 in D, and take the absolute value of the resulting
expression, we obtain

3.7

®0 10~ 251 = ol

Now by (i), Z2(Qu,) N D = Z(f 1)N D as p — oo, and so given & > 0, uo
and 7 > 0 such that for all p > po, £(Qu.) N D C N(Z(f~!) N D,&), where
N(,) is an &-neighbourhood of Z(f1) N D; and so |Q,.(2)g(z)] > 7 for z €
D~N(Z(f~")n D,¢). Thus from (3.7) we obtain

”H V”K v
15() = mu ()l < P < Mo,

and

limsup || f(2) — mu(z )||1/” <. <1,
00

for any compact subset K in D~ N(Z(f~') N D,£). By part (ii) of Theorem
3.1, the uniform convergence follows. Let { — 0; then the uniform convergence
extends to compact subsets K in DN\ Z(f~*)n D. |

4. Convergence in logarithmic capacity

In this section we consider a weak-type convergence for the diagonal sequences
{muu} with respect to logarithmic capacity. To develop the correct concept of
logarithmic capacity we borrow heavily from the theory of plurisubharmonic
functions (in short, psh functions) and, in particular, the subfamily of the cone
of plurisubharmonic functions studied in depth by Siciak, [Si.1,2], often known
as the Siciak families of extremal plurisubharmonic functions in C*. These can
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be easily defined in a much wider sense for algebraic varieties as is done by A.
Sadullaev in ([Sad.1}). However, we give below only the definition of the global
families on C*. These families figure significantly in our study of convergence in
logarithmic capacity.

Definition 4.1:
(4.1)
L := L(C") := {v(z): v € PSH(C"); sup{v(z) — log(]|2|| + 1), z € C*} < 00},

where PSH(C™) denotes the R -convex cone of plurisubharmonic functions on
C* with R* := {z € R z > 0}.

Definition 4.2: A set E C C" is said to be pluripolar if for each w € F there is
a neighbourhood W of w and a plurisubharmonic function ¢ defined on W such

that ENW C {z € W: ¢(z) = —oo}.

Let K be any compact non-pluripolar subset of C*. The Siciak extremal
function associated with K is defined by

(4.2) Vi (z) :=sup{u(z):ue L;u<0on K, z€ C*}.
Let
(4.3) Vi (2) := limsup Vk (¢)

oz

be the upper semi-continuous regularization of V. The function V§ is in general
not smooth on C* N~ K when n > 1. It is a theorem of Siciak, [Si.1}, that either
Vi = 400, in which case the set K is pluripolar, or else V is plurisubharmonic
and Vi € L. Also, if Vi is continuous on C* we have Vg = Vi € L.

The logarithmic capacity we need is introduced via the Robin constant in the
following definition.

Definition 4.3: Let K C C* be a compact nonpluripolar set. The Robin constant
~v(K) of the compact set K is given by

(4.4) Y(K) = Tim (Vi(2) - log(llzl| + 1),

lIz]}—o0
where || || is the metric on the Euclidean space C".

The logarithmic capacity, in short £-Capacity, is defined by

(4.5) Cap.(K) = exp(—v(K)).
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The Siciak family £ used here to define the logarithmic capacity is closely related
to the study of polynomials in n-complex variables, [Si.2]. For a compact set
K c C*, we have

(46)  Vi(s) = sup { 5108 [T(2)]: d = degree(T) > 1,|Tllxc < 1}

where T is a polynomial on C* and ||.||x is the norm on the C-vector space of
polynomials of degree < d, with d > 1 on C*. The basic property of the extremal
function just defined above is contained in a theorem of Zaharyuta [Zah.1] and
Siciak [Si.2]. An old result of Bremmermann then gives that any u € £ can be
expressed as

(4.7 ulz) = (limksup(%log|Tk(z)t))’k = lirgljzlp(limksup(%log|Tk(C)|)),

where {T%(2)}x is a sequence of polynomials of degree k which can be expanded
in terms of homogeneous polynomials in C".
We now turn to the discussion of weak-type convergence in L-capacity.

Definition 4.4: A sequence of functions {u;}?2., is said to converge to a function
u in L-capacity, Cap,, on a set E C C*, if for each § > 0 we have

Cap, ({€ € E: Ju;(¢) —u(Q)f > 0}) = 0, asj — o

Recall the definition of the function H,,(z) (c¢f. Theorem 3.1) from which we
deduce for Q,..(z)g(z) # 0 the expression

_Hu(z)
Qu.(2)a()

Remark 4.5: There are other equivalent concepts of logarithmic capacity; one
interesting version was given by Plesniak, [P1.1]. Fix a compact subset K in C".
Then for any set E C C*, define its capacity as follows:

o(E) i= ax(B) := exp(~[[V3llx ).

Note that o > 0, and, in particular, if F C F C C", then a(F) < a(F).

(4.8) F(2) —m(2) =

Let n > 0 be given. Let K be a compact nonpluripolar polynomially convex
subset of C". Set X := K ND. Define

O ={2€X:|f(z) - w,‘“(z)[l/" > 1/n}.

We shall write T),4,(2) := Quu(2)q(z) as a polynomial of degree at most pu + w
in C*. We can now state the main theorem of this section.
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THEOREM 4.6: Let f € Mer'(D) with its polar set satisfying Z(f~1)ND =
Z(q) N D, where q is some nonhomogeneous polynomial in C* of fixed degree at
most w which determines the polar set of f in D. Suppose {m .}, is a (p, p)-
diagonal sequence of unisolvent rational approximants to f at z = 0. Then for
n €]0,1[ and X = KND, the logarithmic capacity of Q,, ,, satisfies the inequality

Cap (S, ) < O,

for p sufficiently large and for some positive constant C > 1.

Remark 4.7: In calculations with the logarithmic capacity Cap, in C*, it is
often expedient to compute the Plesnaik capacity « in C*. The latter capacity
is equivalent to the logarithmic capacity as seen from the following proposition.

ProprosITION 4.8 ([Tay.1], [L-T.1]): Let E be a compact nonpluripolar subset
of C*. Let V3 be the upper semi-continuous regularization of

Ve(z) :==sup{v(z) :v € L:= L(C*);v <0, on E,z € C*},

with V5 € L. Then for some M > 0, § €]0, 1], the Plesnaik capacity a(E) =
exp(—||VE||) is equivalent to the logarithmic capacity Cap.(FE). The equivalence
is given by the B. A. Taylor estimates ([Tay.1]):

s
(49) o(E) < Cap,(B) < M(a(E)) ,
where Cap,(E) = exp(—'y(E)) and v(E) is the Robin constant. n

Proof of Theorem 4.6: Let Ty, (2) = Quu(2)q(z), so that T, (2) is a poly-
nomial of degree u + w expandable in terms of homogeneous polynomials in C*.
For 2 € Q,, ,, and € > 0 as in Lemma 3.4, we have

oM
env

ITutw(2)] < (@em™*e,

so that

lim sup |T,,+u,(z)|17}J <aen <.
ptw-+00

In the above estimates, the 5 used was arbitrary. Hence we can make a suitable
choice of 7 so that ||T,+w(2)|lx < 1 on compacts. Now using (4.6), for the
polynomial T}, 4, (2) with degT}, 4+, > 1 on C*, we set

1
Vx(z) = sup {lt+

5 108 | Tra ()1}
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We see that the upper-semicontinuous regularization of Vx(z), which is given
by V%(z) = limsup,_,, Vx(¢), belongs to the Siciak space of plurisubharmonic
functions £ := L£(C"). This allows us to define the level set of the extremal
function by

Ty e:={z € X: Vx(z) <log(n+e€)}.
Then

o(Ty,e) = exp(=IIVi, llx) <n-+e.
Moreover, for p sufficiently large, 2, , C T'y . so that

a(Qy, ) <ol ) <n+e

Let € — 0; then we get a(€y, ,) < 7. From the proposition there exists C' > 1
such that Cap.(£2,,,) < Cn. ]

5. Rational interpolation from varieties in pseudoconvex domains

In this section we bring together the constructions in the previous sections and
use the techniques of weighted integral representations of holomorphic functions
introduced by M. Andersson and B. Berndtsson in [B-A.1] to interpolate rational
functions from complex algebraic complete intersection varieties in pseudocon-
vex domains with special properties. The weighted holomorphic integral rep-
resentation formulae generalize those previously constructed by Leray—Henkin—
Ramirez—Koppelman. B. Berndtsson, [Be.1], has successfully applied weighted
integral kernels to the study of the interpolation problem.

Let D be a strictly pseudoconvex domain in CV given by a C? defining function
p: CN — [~00, 00| as follows:

D:={zeCV:p(z) <0}
and 0 € D. Let X be a complex algebraic variety in D defined by
X:={(€D:$1(¢) =+ = p(¢) =0},

where ¢, v = 1,2,...,p are polynomials on C¥. We endow X with the metric
and complex topology induced from the Euclidean space CV. X satisfies the
complete intersection condition

(50) P :=Opr ANOPpa A -+ A (9(]511 #0,

with ¢ := {¢1,...,$p}. In addition, we impose a transversality condition on the
complex algebraic complete intersection varieties X we consider, and the condition
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on XN 3D is given by 0¢ A 3p # 0. Let T be an open relatively compact subset
of D with 0 € X. Set Xy := XN X such that X5 is a homogeneous subvariety
of the complex algebraic complete intersection variety X with the origin 0 € X5,
where here, homogeneous varieties in CV are varieties Y in CV which satisfy the
condition that y € Y if and ounly if Ay € Y, VA € C (cf. [M-T-V.1]). Denote
by O(Xsz) the space of holomorphic functions in a neighbourhood of Xg. Let
Mer(Xs) be the space of functions meromorphic in some neighbourhood of Xg.
As before, we consider the special subclass Mer!(Xg) of meromorphic functions
in Mer(Xg) satisfying the properties:

Pi: f € Mer'(Xg) if f is holomorphic in some neighbourhood of the origin
0e€Xs.

Py: f € Mer'(Xy) if its polar set in Xz is determined by the zero set of the
restriction to Xy of a nonhomogeneous polynomial ¢ in CV. This means that to
each f € Mer'(Xy), there exists a nonhomogeneous polynomial ¢ in CV such
that Z(¢[Xg) = Z(f~1) in Xz, where the symbol [ stands for restriction to the
appropriate set.

We collect here some definitions from the work of Andersson and Berndtsson
concerning weighted integral representations of holomorphic functions that will
be needed in our work. For complete details we refer the reader to their original
paper, [B-A.1]. We introduce on a strictly pseudoconvex domain D C CV the
Leray map ®: D x D — CN: (¢, 2) = ®((,2). ®(¢,2) is holomorphic in the 2
variable and satisfies the following properties:

(5.1) (¢, 2) =D N6, 2)(z5 — &),
J
where A;(,z) € CY(D x D) and is holomorphic in z;
(5.2) 36 >0: R(C, 2) < p(2) - p(¢) — dllz = CII%,
with || || the metric on the Euclidean space CV¥ and R® denotes the real part

of ®. We define a 1-form ¥ which is used in the construction of the Andersson—
Berndtsson weighted kernels by

6:3) B, e DINEA
p
where p is the defining function for the strictly pseudoconvex domain D C CV.
Let G(a) := a™™, m > 0 with G € C*°(C) and G(1) = 1.
B. Berndtsson’s interpretation of their holomorphic representation kernel with
weights in the context of the interpolation problem in complex algebraic complete
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intersection varieties, [Be.1], is central to our problem. We consider here only
the portion of their representation kernel relevant to interpolation of rational
functions from a complex algebraic complete intersection variety X in a strictly
pseudoconvex domain D to the entire domain D. Let X be the complex alge-
braic variety satisfying condition (5.0) together with the transversality condition.
Define the weighted kernel by

(N-1)!  n_y S Nep
(5.4) P(¢,2) = W;—)!GW >(<x1:, z—()+ 1) @U)NP A p.

Here, G*) stands for the kth derivative of G, and p is the (p, p) positive current
in ¢ on X with measure coefficients defined by

LA AGPADDL A--AND
(5.5) pi=Cp g ”’(}) ¢|‘|’521 P2 0.

dX,, represents the surface measure on X and depends only on the z-variable in
D. Here, 8¢ = O¢1 A --- A O, # 0 and the g*, k =1,2,...,p are obtained from

P
(5.6) g* =Y gkdg;,
J

where gF € C*(XND). The g} are in fact determined in Berndtsson, [Be.1], from
the Hefer formula
P

(5.6) $i(2) — $;(Q) = > _ g5 (2k — C)-

k
ProprosITION 5.1: The kernel P((, z) has the form

(5.7) P(¢,2) = Chp plrm

(26,2 +0

Proof: Compute the GN~P(a), i.e., the (N — p)t® derivative of =™, and make
use of (5.1) and (5.3). ]

@W)YNP A p.

>N—p+m

We now state B. Berndtsson’s theorem on interpolation of holomorphic func-
tions from a complex algebraic complete intersection variety X in a domain D to
the domain itself. We will apply this result to interpolation of rational functions.

THEOREM 5.2 ([Be.1]): Let h be a holomorphic function on a complex algebraic
complete intersection variety X with h € C'(X). Then the formula

(5.8) H(z) = Cap /X hO)P(C, %),
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defines a holomorphic function in the domain D, so that H[X = h. ]

We use the above theorem to obtain results on rational interpolation and
approximation on a special class of meromorphic functions.

THEOREM 5.3: Let f € Mer'(Xyg), that is, there exists a nonhomogeneous
polynomial ¢ in CN such that its restriction to X5 gives ¢f € O(Xg). Let
Tuu(2) 1= gf;lv((—z—)) be a unisolvent rational approximant to f at z = 0 € Xyg. Then

(1) hlw = QuUQf - qP;w € O(Xg),
(i) hy, has a holomorphic extension H,, € O() such that H,,[Xs = hy,.

Proof: (i) is immediate and (ii) follows from Theorem 5.2 with
(59) Hpu(z) = Cn,p/X h,“,(C)P(C,Z)- ]
z

It remains to obtain estimates for the integral (5.9). First, a lemma of
Berndtsson, given below, estimates the kernel P((, z).

LEMMA 5.4 ([Be.l}): Let P := P((, z) be the kernel defined in (5.4). Then there
exists a constant £ > such that

(5.10) IPIl < &lol™Higl=2.  ®
We now use Lemma 5.4 to obtain
LEMMA 5.5: Let € > 0 and define
Qe :={z € Q: 0 < € < dist(z,00)},
so that Q. C Q. Suppose the hypothesis of Theorem 5.3 holds. Then we have
(5.11) 1 Huw (2)llg, < Cullhpe({) g, -

Proof: From (5.9) and for z € Q, we have

Hy (2| < [Cnpl ]X I (OIIPC, 2)]

< M (Ollg, o /Q o™ 6]l dX,

The integral [, |p|™~(||¢[l+€)~?PdX, < oo is bounded (cf. [Be.1]), before letting
€ — 0 to give its required value. We set C; to be the constant arising from the
integral and |Cy p|. Then the desired result is immediate,

”HW(Z)HEe = sup |Hyw| < CIHhuV(C)”XE- i
Q,
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6. Division and convergence of rational interpolants

In the preceding section we have used Berndtsson’s weighted integral kernels
[Be.1] to interpolate holomorphic functions from a homogeneous subvariety Xs
in a complex algebraic complete intersection variety X contained in D to the
whole strictly pseudoconvex domain D. In this final section our concern is with
rational approximation, and for this the following formula is central to our results:

_ Py (2) _ H, (2)
Q;w(z) Quu(z)q(z) ’

for z € DN{¢ € CV: Q.. (¢)g(¢) = 0}, where Q.9 is a polynomial on CN of
degree less than or equal to v + w.

(6.1) F(2)

Next, we discuss the extension of the modes of convergence described in sections
3 and 4, in particular, the convergence phenomena in the statements of Theorems
3.5 and 4.6. In order not to be unduly repetitive in the rest of our discussions, we
shall refer to the convergence phenomena in Theorems 3.5 and 4.6 as Montessus-
type convergence and convergence in logarithmic capacity respectively.

THEOREM 6.1: Let v € I be fixed. Suppose F € Mer'(D) and let q be a
nonhomogeneous polynomial on CN of degree v such that

Z(FY)YnD=Z(g)nD.

Suppose, further, that the restriction F[Xy, = f is meromorphic in X5, satisfying
conditions P; and P; in section 5; and also:

(a) I1,, [ Xy is a unisolvent rational approximant to f at 0 € Xy.

(b) 11, [Xy has a Montessus-type convergence to f in Xg.
Then 11, has an extension Montessus-type convergence to F in X.

We note here that in the Montessus-type convergence the degrees of @, and
q are the same.

LEMMA 6.2: Let Q,, and g be nonhomogeneous polynomials in CV of the same
fixed degree v with u > v. Let Q,.,[Xy and ¢[Xs be the restrictions of Qv and
q to Xg. Suppose Q. [Xs — ¢[Xs uniformly in Xy. Then Q,, — ¢ uniformly
in XE.

Proof:  This follows from Berndtsson’s weighted integral formula and the uniform
convergence of the sequence {Q,, [Xs}, to ¢[Xg as p — oo. Since we know that
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Quv[Xs and ¢[Xy are holomorphic, then as p — 0o, we get from (5.8) that

Quv(2) == Cnp [z, (Qu[X2)(OP(( 2)

| |

q(z) == Cnp [z, (@[X=)()P((2) N

Proof of Theorem 6.1: First we choose a compact subset K of ¥ so that

K CZ, \{C ecCV: Q/W(C)‘I(C) = 0}7

for p sufficiently large and € > 0, where £, = {z € X: 0 < € < dist(z,9%Z)}. Then
for z € K we obtain from (6.1) that

(6:2) - HOR S’,‘,",(é)) [, < infﬁél(f()zqur

From Lemma, 6.2, we know that for sufficiently large u, there exists 8 > 0 such
that infx |Qp.(2)g(2)] > B > 0. Now combining this with Lemmas 3.4 and 5.5
together with inequality (5.11) we get

limsup || F(2) — T (2) I3 < 0 < 1,

p—oo
where II,,, [Xs = m,, for

K CEZ N (e q(() =0} =S\ Z(F7Y,
since by Lemma 6.2, Q. (z) — g(z) uniformly on ¥. Thus we obtain

limsup || F(z) — I, (2)[|3* < oc < 1,

pn—00

where K C £\ Z(F~!), since ¥, C X; note that the rate of convergence is
clearly geometric. Finally, observe that Lemma 6.2 also shows that

ZO-Hhne = Z2(F-Hnyg,
pyv

thus establishing the desired result. 1

Next we consider the analog of the convergence in logarithmic capacity for the
diagonal sequences {II,,,}, of unisolvent rational approximants.
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THEOREM 6.3: Let F and its restriction F[X = f satisfy the same conditions as
in Theorem 6.1. Suppose I1,, [Xs is a unisolvent diagonal rational approximant
to f at 0 € Xg. Then if II,,[Xs converges in logarithmic capacity to f in Xy,
so likewise I1,,,, converges in logarithmic capacity to F' in X.

Proof: From Theorem 5.3, we know that
Hu(®) = Cny [ BunlOPL2.0).
3

for z € ¥ a holomorphic extension of h,, in X5, with P(z,() the Berndtsson-
Andersson weighted kernel.

Now since Q,,(¢)q(¢) is holomorphic because it is a polynomial in Xz, it has
an extension, which we denote by QF%(2)¢F*%(z) in X, by Theorem 5.3. We use
the estimate from Lemmas 3.4 and 5.5 to get

V(25 < CulhuQ)ll, < O L gmrwsr,

Here, . := {7z € : 0 < € < dist(z, 0X)}.
Let y,, = {z € CV: QEr(2)¢5**(z) = 0}. Then for z € ™ Y, we have,
recalling that IT,,[Vy = m,,,

Mo-l"'+w+1

|F(z) - Huu(z)”):e \y,, = eleﬂ:tha:t(z)l'

Let 6 be given satisfying 0 < 8 < 1. If we set
QF% = {z € Bt |F(2) — M, (2)|Y* > 1/6},

and write T25 (2) := QET(2)¢""(2), a polynomial of degree p1 +w in CV, then

we obtain
oM (0o )Pt

efv
Following the same line of reasoning as in the proof of Theorem 4.6, we conclude
that there exists a constant C’ > 0 such that

T2 ()] <

Cap, (=) < C'6. 1
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